In this paper, we showed that the Pesin pressure of any subset under a mistake function is equal to the classical Pesin pressure of the subset in dynamical systems. Our result extended the result of [1] in additive case, which proved the topological pressure of the whole system is self adaptable under a mistake function. As an application, we showed that the Pesin pressure defined by average metric is equal to the classical Pesin pressure.
Introduction and Preliminaries
In [6] , Ruelle first introduced the concept of topological pressure for expansive dynamical systems. Later, inspired by the dimension theory, Pesin and Pitskel [4] extended the notion of topological pressure on any subset. After that, topological pressure has played an important role in thermodynamic formalism. In this paper, we will show the topological pressure of arbitrary subset under a mistake function is equal to the topological pressure of the subset. The motivations of this paper come from two points. One is from [1] . In [1] , Cheng, Zhao and Cao defined the pressure for asymptotically sub-additive potentials under a mistake function. They used the techniques of ergodic theory to show the topological pressure of the whole system under mistake function is the same as the topological pressure without mistake function. A question arises naturally: Does the topological pressure keep consistent on arbitrary subset? The other motivation comes form [3] . In [3] , Gröger and Jäger showed that the entropy of the whole system with Bowen metric agrees with the entropy with average metric. It has reason to ask whether the entropy defined by Bowen metric is the same as the entropy defined by average metric on any subsets. In this paper, we answer the above questions affirmatively. It is mentioning that we only focus on the topological pressure with additive potentials here although Cheng, Zhao and Cao [1] deals with non-additive case.
Throughout the paper, (X, f ) is a topological dynamical system (TDS for short) if (X, d) is a compact metric space and f : X → X is a continuous self-map.
First, we give the definition of the mistake function, which is a little bit different form [5, 1] . Definition 1.1. Given ǫ 0 > 0, the function g : N × (0, ǫ 0 ] → R is called a mistake function if g(n, ǫ) ≤ g(n + 1, ǫ) for all ǫ ∈ (0, ǫ 0 ] and n ∈ N and lim ǫ→0 lim n→∞ g(n, ǫ) n = 0
For a mistake function g, if ǫ > ǫ 0 , set g(n, ǫ) = g(n, ǫ 0 ).
The mistake Bowen ball B n (g; x, ǫ) centered at x with radius ǫ and length n associated to the mistake function g is given by the following set:
It is obvious that the classical Bowen ball B n (x, ǫ) is a subset of B n (g; x, ǫ). First, we present the definition of Pesin pressure via Bowen balls. This function is non-increasing in s, and takes value ∞ and 0 at all but most one value of s. Denoting the critical value of s by
Now, we use the mistake Bowen ball to replace the classical Bowen ball in defining the new topological pressure.
consider the set functions
This function is non-increasing in s, and takes value ∞ and 0 at all but most one value of s. Denoting the critical value of s by
In [4] , Pesin and Pitskel used open covers to define the topological pressure as follows: 
denote the set of all finite or countable collections G of strings of length at least N which cover Z. We define set functions by
Denote the critical value of m ′ (Z, ϕ, U , s) by
The Pesin topological pressure of ϕ on Z is given by
Inspired by this, we give a definition of Pesin pressure with mistake function by using open covers. Definition 1.6. Let (X, f ) be a TDS, ϕ be a continuous function, g be a mistake function. We fix a finite open cover U of X. For each U ∈ S m (U ), let U g = {U * :
w j for all j = 1, · · · , m(U)}. Given Z ⊂ X and N ∈ N, we let S g (Z, U , N ) denote the set of all finite or countable collections G g of strings with mistake function of length at least N which cover Z. We define set functions by The Pesin topological pressure of ϕ on Z with mistake function g is given by
In [2] , Climenhaga showed the definition of classical Pesin pressure by using Bowen ball is equivalent to the definition defined by using open covers. Inspired by [2] , we are going to show that the two definition of Pesin pressure with mistake function are also equivalent.
Theorem 1.7. Let (X, f ) be a TDS, Z ⊂ X, ϕ be a continuous function on X, g be a mistake function. Then
Proof. First we show the following inequality:
Given δ > 0, fix an open cover U of X, with diam U < δ. Given G g ∈ S g (Z, U , N ), we may assume without loss of generality that for every Thus P ′ Z (ϕ, U , g) ≥ P Z (ϕ, δ, g), and taking δ → 0, we have
Next, we show the other inequality of opposite direction. For δ > 0, let
Since X is compact and ϕ is continuous, we have lim δ→0 ǫ(δ) = 0. Furthermore, given x ∈ X, y ∈ B n (g; x, δ), we have |S n ϕ(x) − S n ϕ(y)| < nǫ(δ) + 2g(n, δ)||ϕ||.
For a fixed δ > 0, we choose an open cover U with diam (U ) < ǫ(δ). Let L(U ) be the Lebesgue number of U , and consider {(x i , n i )} ∈ P g (Z, N, L(U )). Then for each (
Then
where γ is a function such that exp(2g(n i , L(U ))||ϕ||) ≤ exp(γn i ) as n i ≥ N and γ → 0
To sum up, we have P ′ Z (ϕ, g) = P Z (ϕ, g).
Now we start to compare the new topological pressure to the classical Pesin pressure.
Theorem 1.8. Let (X, f ) be a TDS, ϕ be a continuous function, g be a mistake function. Then P Z (ϕ, g) = P Z (ϕ).
Proof. First, we show that P Z (ϕ, g) ≤ P Z (ϕ). For any U ∈ S(U ), we have 
. Next, we show that P Z (ϕ, g) ≥ P Z (ϕ). For any U g ∈ S g m (U ), it can be composed by
where H is the collection of such U. By Stirling formula, there exists γ > 0 such that
where G ′′′ = {U : U g i ∈ G ′′ } is the collection of the elements of all H corresponding to each U g ∈ G ′′ . Taking N → ∞, it yields P ′ Z (ϕ, U , g) ≥ P ′ Z (ϕ, U ) + ǫ * + γ. Letting ǫ * → 0 and diam U → 0, we have P ′ Z (ϕ, g) ≥ P ′ Z (ϕ). This completes the proof.
As an application, we study the pressure defined by average metric at the end of the paper. Let (X, f ) be a TDS. The average metric on X is given by
The average dynamical ball with center x and radius ǫ is denoted by B d n (x, ǫ). In [3] , Groger and Jager proved the classical entropy of the whole system is the same as the entropy defined by replace Bowen balls with average dynamical balls. We will use Theorem 1.8 to show the classical Pesin pressure on any subset is equal to the pressure defined by replace Bowen balls with average dynamical balls. In fact, we choose g(n, ǫ) = nǫ. By the following lemma, it is easy to obtain the desired result and we omit the proof. Lemma 1.9. For any x ∈ X, n ∈ N and ǫ > 0, we have B n (x, ǫ) ⊂ B d n (x, ǫ) ⊂ B n (g; x, √ ǫ).
Proof. For any y ∈ X, if d n (x, y) < ǫ, then d n (x, y) < ǫ, so we have B n (x, ǫ) ⊂ B dn (x, ǫ). Set
where Λ n = {0, 1, · · · , n − 1}. Since
then if d n (x, y) < ǫ, we have ♯I 2 ≤ n √ ǫ.
Therefore, we have B dn (x, ǫ) ⊂ B n (g; x, √ ǫ).
